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Introduction

Background
In this paper, we are concerned with degree bounds of polynomials representing (not necessarily boolean) functions and their applications in constructing oracles. Polynomials were used in obtaining lower bounds for constant depth
% ' & ( )
(a class defined in Section 2) equals¨. We demonstrate the applicability of the polynomial degree bound technique to notions such as the nonexistence of Turing-hard sets in some relativized world, (non)uniform gapdefinability, and relativized separations. Before stating our contributions, we give an overview of gap-definable counting classes which will be of interest to us in the paper.
Gap-definable Counting Classes
In this paper, we will study the relativized complexity of gap-definable counting classes using lower and upper bounds on the degree of polynomials representing certain functions. Informally speaking, a gap-definable counting class is a collection of all sets such that, for any set in the class, the membership of a string in the set depends (in a way particular to the class) on the gap (difference) between the number of accepting and rejecting paths produced by some nondeterministic polynomial-time Turing machine associated with the set. (a quantum analog of 6 4 )
Our Contributions
The existence of complete sets in a class is a topic of interest in complexity theory. Though 
, etc., no complete set (under any weak enough to be interesting notion of reducibility) is known. This motivates the investigation of completeness for these promise classes in relativized worlds. That line of research was pursued in several papers [Sip82, HH88, HJV93] . In particular, Hemaspaandra, Jain and Vereshchagin [HJV93] showed that there is an oracle relative to which
The crux in both the proofs involves proving a lower bound on the degree of a univariate polynomial. We note that similar techniques have been used in proving a lower bound on the degree of univariate polynomials in [Bei94, NS94, BBC¦ 01].
Fenner, Fortnow and Kurtz [FFK94] showed that 8 b )
is low for every uniformly gap-definable class (see Section 4 for the definition of uniform and nonuniform gap-definability). Thus 
Preliminaries
The inclusion relationship between classes considered in this paper is summarized in Figure 1 . In our proofs, we use an encoding of finite sets (where the sets can be viewed as a source of a possible oracle extension at some stage of the oracle construction) defined in terms of multilinear polynomials with integer coefficients over variables representing the strings in the set. The formal description of our polynomial encoding is given below. 
3.
Robust Hardness under Turing Reducibility
-complete set [HJV93] , and 2 for every complexity class
Through a similar, though somewhat involved, technique we show that there is a relativized world where
has no polynomial-time Turing hard set for e d $
. We also have a more direct proof, that involves proving an upper bound on the degree of a certain multilinear polynomial, for a weaker version of Theorem 9-"existence of an oracle relative to which
has no polynomial-time many-one hard set for e f )
."
i j« 
Lowness and Gap-Definability
The low hierarchy within Q was introduced by Schöning [Sch83] to study the inner structure of . Since the introduction of the low hierarchy, the concept of lowness has been generalized to arbitrary relativizable function and language classes. We now give a definition of lowness for arbitrary relativizable classes. is low for every member of a particular collection of gap-definable classes, namely the collection of uniformly gap-definable classes. Thus, it follows that 8 b )
is low for the counting classes$¨,
. The formal definition of gap-definability is given below. 
in every relativized world, this also shows that relative to the same oracle, are not uniformly gap-definable does not imply in any obvious way that these classes separate from any uniformly gap-definable class in the real world.
We use a variant of the prime number theorem, stated in Lemma 15, in the proof of Theorem 17 to estimate the number of primes between two integers. i j« 
, and (2) for any class
Relativized Noninclusion
Beigel [Bei94] constructed an oracle relative to which¡ u )
. [NS94] showed that both the degree and the decision tree complexity of a boolean function is polynomially related to its approximate degree. We use Lemma 22 to obtain an upper bound on the degree of boolean functions in the proof of Theorem 23. i j«
Certain classes are not very powerful in some relativized worlds, however their composition with themselves are found to be more powerful classes in every relativized world. For instance, [STT03] showed the existence of a relativized world in which 
Extensions to Other Classes
In this section, we demonstrate the technique of using degree lower bound of polynomials in constructing relativized worlds for classes defined by probabilistic oracle Turing machines. Hemaspaandra, Jain and Vereshchagin [HJV93] showed that relative to an oracle, Ã S U W D e has no polynomial-time Turing hard set for e f $
. We extend their result in Theorem 27 by constructing an oracle world where 
Conclusions
In this paper, we apply certain complexity measures (degree, approximate degree) of functions in the context of relativization theory. Likewise, Fenner et al. [FFKL03] and Vereshchagin [Ver94, Ver99] have used (related measures) certificate complexity and decision tree complexity, respectively, in constructing relativized worlds. It would be interesting to explore more connections between complexity measures of a function and relativization theory.
